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Abstract A new locally implemented methodology for the accurate representation of field
singularities caused by abrupt corners that are present inside waveguides and shielded microstrip
lines is proposed in this paper. The novel technique, manipulating the conformal finite-difference
time-domain (FDTD) method, also deals with non-Cartesian structures, containing inclined and
curved interfaces. The numerical computation of cut-off frequencies of various curvilinear
waveguide and shielded microstrip structures, with perfectly contacting wedges, proves the
efficiency of the proposed scheme.

Introduction
The significance of shielded microstrip lines and waveguides with arbitrarily-
angled conductive wedges for versatile microwave and millimetre applications
is nowadays widely acknowledged. As a matter of fact, the investigation of
such structures has been the subject of an ongoing research via various
numerical techniques (Rahman and Nguyen, 1995; Taflove, 1995) which among
their other capabilities have to sufficiently cope with a crucial deficiency; the
field singularities that appear near the inevitably abrupt corners of the wedge.
So far, higher-order localised schemes (Mur, 1981; Przybyszewski and
Mrozowski, 1998) or very fine grid discretisation have been proposed in order
to reach accurate solutions.

It is the purpose of this paper to present a novel generalised FDTD technique
for the efficient alleviation of the previous shortcoming, especially when the
wedge is located in the interior of waveguide arrangements with general
curvilinear cross-sections. The fundamental concept of the algorithm lies on the
local representation of the rapidly changing electric and magnetic field
components, at the sharp wedge corner, by means of specific expansion series.
Moreover, for the precise modeling of the system's curved walls and remaining
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inclined edges, the proposed methodology implements contours which enable
subcell conformal simulation of the interface (Jurgens et al., 1992; Dey and
Mittra, 1997). Therefore, the rigorous enforcement of the zero tangential electric
field condition is consistently fulfilled and the poor resolution of the staircase
approximation (Holland, 1993) is readily avoided. It must be noted that apart
from the increased accuracy it introduces to the computational procedure, the
proposed scheme is also a versatile tool in dealing with field singularities near
wedges of arbitrary angle, located inside general non-Cartesian structures.
Numerical verification of the aforementioned new procedure involves the
accurate computation of the cut-off frequencies that correspond to various
rectangular or curvilinear waveguide- and microstrip-wedge realisations with
diverse dielectric substrate fillings.

Formulation of the algorithm
Let us consider the general non-Cartesian waveguide structure of Figure 1,
which comprises two perfectly conductive wedges of arbitrary angle, �. The
accurate FDTD simulation of such a geometry demands special treatment of
cells containing part of the perfectly electric conducting (PEC) boundary, i.e. the
waveguide enclosure must be exactly modeled by the FDTD grid. Furthermore,
abrupt electromagnetic field variations in the vicinity of the sharp wedge ends
need a much more accurate representation than the one obtained by the linear
standard FDTD. These two difficulties often encountered in waveguide and
microstrip problems are dealt with by two techniques, the conformal FDTD
and a proper series expansion of the field values near the wedge end
respectively. It is noted that in the rest of the computational domain, i.e. in Yee
cells that are located neither at the perfectly conducting walls nor near the
wedge end, standard FDTD is implemented.

Figure 1.
The geometry of a
general waveguide-
wedge structure



A conformally-
oriented FDTD

methodology

285

Conformal treatment
Standard FDTD has proven to be a very reliable and efficient method for the
numerical solution of various structures having Cartesian topology. However,
when it comes to general curvilinear structures, standard Yee cells are unable
to model non-rectangular boundaries and, therefore, very dense grids are
required, whereas perfect modeling is obtained only if the cell size becomes
infinitesimal. Obviously, such an approach, the so-called staircase meshing
(Holland, 1993), is numerically expensive, since the computational time and
memory required to obtain an acceptable solution are fairly high.

To overcome this deficiency, a hybrid locally conformed scheme is proposed,
which, unlike the standard FDTD, is based on the integral form of Maxwell's
curl equations. Specifically, Yee cells encountered at the perimeter of the wedge
as well as at the outer PEC walls are appropriately distorted in order to
conform to the boundary between the two materials (Figure 2). The integration
curve follows the deformation of each cell in such a way that it does not enclose
any conductive part, and the overall lattice, which remains relatively coarse,
delineates the conductive perimeter of the wedge and the walls of the
waveguide. Thus, the proposed technique allows the feasible imposition of the
zero tangential to the PEC boundaries, electric field component, without the
need for a great amount of numerical resources.

Assuming that a TE mode wave is traveling along the waveguide structure,
the magnetic field components (Hz) of the locally distorted cells are calculated
by the following equation

Hzjn�0:5
i;j � Hzjnÿ0:5

i;j � �t
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Figure 2.
The conformal FDTD

scheme
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where �x is the cell size along the x direction, �t the time step, and magnitudes
S, gi are defined in Figure 2. The electric field is computed via the standard
FDTD equations (rectangular Ampere contours from adjacent Hz components)
where possible, or by the nearest-neighbor approximation, if the related to the
electric field component cell side is not long enough (Jurgens et al., 1992).

Similarly, if a TM mode wave is considered, the Ez field components can be
calculated by a corresponding equation.

Wedge treatment
The second particularity of the structure in Figure 1 is the existence of regions
of fast field transition. Owing to the sharpness of the two conductive wedges,
field variations near each wedge end are abrupt, and hence the linear standard
FDTD method is unable to reach high accuracy unless very fine grids are
considered. For the precise representation of such field singularities, a local
modification of electric and magnetic field components is proposed, based on a
higher order expansion series and necessary integration formulae (along grid
edges) for the curl of the corresponding component.

Assuming that the field value at an arbitrary point depends mainly on the
exact location of the point with respect to the wedge end, it can be expressed
according to the following series

F r; '; t� � �
X
�

wF
� �t�r�� sin���'� �2�

where r and ' are the local polar coordinates having their origin at the wedge
end, t is the time, � denotes the angle of the wedge and �� � ��=�2�ÿ ��.
Substituting (2) into the integral form of Maxwell's curl equation for the electric
field for example, we extract the following TE mode equations
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In this matrix update form, " is the medium permittivity, w� are coefficients
appropriately calculated at each time step and ri, 'i are variables denoting the
precise position of every point. Owing to the localized polar coordinate system,
the wedge end can be placed anywhere inside a grid cell without the need to
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coincide with a grid node. Therefore, this modification, in conjunction with the
conformal treatment, allows the simulation via a finite difference lattice of all
types of wedges regardless of their shape, dimensions or angle.

It is worth mentioning, herein, that the proposed wedge modification must
be implemented to a confined but particular, and independent of the degree of
discretization, area, in which most of the transient phenomenon occurs. In the
rest of the domain where the variations become smoother, it is equally efficient
and more algorithmically and numerically inexpensive to use the standard
FDTD method.

Numerical results
The efficiency of the proposed scheme is verified by its implementation to the
numerical computation of cut-off frequencies of various structures. It is initially
tested on rectangular and circular waveguides involving perfectly conducting
wedges that contaminate the smooth variation of the electromagnetic field.
Moreover, shielded microstrip lines with multiple singularity regions and
different types of dielectric substrate are analyzed.

Rectangular waveguide
Let us assume the rectangular waveguide of the inlet picture in Figure 3,
containing two symmetrically located wedges at the left and the right side
respectively. The conformal FDTD technique is utilized for the simulation of
the inclined wedge sides, whereas the area around each wedge end is treated by
the proposed wedge oriented methodology. As observed by the results of
Figure 3, the variation of the waveguide's cut-off frequencies with respect to the
wedge angle is insignificant. Obviously, the worse case is that of the zero

Figure 3.
Cut-off frequencies of a
rectangular waveguide

with respect to the
wedge angle (a = 5mm,

b = 6mm)
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wedge angle since, due to the sharpness of the conductor, the field alteration
rate becomes very high. Finally, Figure 4 depicts the first three TE mode cut-off
frequencies of a quadrilateral waveguide as a function of its side length.

It is noted that for the attainment of the results, 131,072 time steps and a
100� 100 FDTD lattice were needed.

Circular waveguide
A circular waveguide with two perfectly conducting wedges was the second
structure which validated the performance of the proposed scheme. Additional,
to the respective rectangular problem, the conformal FDTD method is used for
the accurate modeling of the waveguide's perimeter. Our methodology is
feasibly extendable to other, symmetrical (elliptical) or not, structures with
curved perimeters.

Figure 5 demonstrates the variation of the cut-off frequencies as a function
of the wedge angle. It is worth mentioning that, similar to the rectangular case,
the alteration is insignificant and less than the distinctive capability of the
lattice used. In addition, Figure 6 presents the TE mode cut-off frequencies as a
function of the waveguide's radius for two different angles (�= 108, 308).

The results shown in Figures 5 and 6 have been obtained with 65,536 time
steps and a 50� 50 FDTD lattice.

Figure 4.
Cut-off frequencies of a
rectangular waveguide
with respect to the
rectangle side
(a = b, � = 108)
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Figure 5.
Cut-off frequencies of a

circular waveguide with
respect to the wedge

angle (radius = 10mm)

Figure 6.
Cut-off frequencies of a

circular waveguide with
respect to the circle

radius (� = 108, 308)
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Microstrip lines
Finally, the proposed methodology is implemented in two shielded microstrip
line structures, an asymmetrical one with two singularity regions and a
symmetrical one with four singularity regions. The conformal technique is not
utilized; however, it would be necessary in cases of general curvilinear
shieldings or of inclined substrates. Table I presents the cut-off frequencies of
the two microstrip lines, with dielectric substrate of relative permittivity
"r = 8.875, as they were calculated via various grids.

Conclusions
In this paper, a novel FDTD technique for the correct modeling of general
wedge-based configurations (waveguides and microstrip lines) has been
presented. Based on the combination of accurate expansion series and
conformal mapping of inclined and curved interfaces, the algorithm performs a
very promising manipulation of these complicated structures, as has been
proved by the numerical results.

References

Dey, S. and Mittra, R. (1997), `̀ A locally conformal finite-difference time-domain (FDTD)
algorithm for modeling three-dimensional perfectly conducting objects'', IEEE Microwave
Guided Wave Letters, Vol. 7 No. 9, pp. 273-75.

Holland, R. (1993), `̀ Pitfalls of staircase meshing'', IEEE Transactions on Electromagnetic
Compatibility, Vol. 35 No. 4, pp. 434-9.

Jurgens, T., Taflove, A., Umashankar, K. and Moore, T.G. (1992), `̀ Finite-difference time-domain
modeling of curved surfaces'', IEEE Transactions on Antennas and Propagation, Vol. 40
No. 4, pp. 357-65.

Mur, G. (1981), `̀ The modeling of singularities in the finite-difference approximation of the time-
domain electromagnetic-field equations'', IEEE Transactions on Microwave Theory
Techniques, Vol. 29 No. 10, pp. 1073-7.

Przybyszewski, P. and Mrozowski, M. (1998), `̀ A conductive wedge in Yee's mesh'', IEEE
Microwave Guided Wave Letters, Vol. 8 No. 2, pp. 66-8.

Rahman, K. and Nguyen, C. (1995), `̀ On the computation of complex modes shielded asymmetric
coplanar waveguides'', IEEE Transactions on Microwave Theory Techniques, Vol. 43
No. 12, pp. 2713-16.

Taflove, A. (1995), Computational Electrodynamics: The Finite-Difference Time-Domain Method,
Artech House Inc., Boston, MA.

Table I.
Cut off frequencies of
shielded microstrips

Microstrip Grid size TE1(GHz) TE2(GHz) TE3(GHz)

20 � 20 3.2640 12.0710 13.7019
20 � 40 3.2623 12.0707 13.5388
80 � 80 3.4254 11.9076 13.7019

20 � 20 10.2764 11.5814 15.6593
80 � 80 10.1133 12.8863 15.8224

100 � 100 10.0419 12.8965 15.9550


